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2possible to treat a number of realistic forms of decoher-
ence. The master equation (1) can be solved in many
simple cases; however, in order to be able to treat the
types of time dependent Hamiltonians (including pulses
etc.) used for the realisation of actual quantum gates, we
generally work numerically. We use a quantum trajectory
method, quantum state diusion [12, 13, 14], to solve the
master equation (1) through averages over stochastically
evolving quantum states. Whilst we only give statisti-
cal data here, it is worth noting that (ensemble NMR
systems aside) since actual quantum gates/computations
run on individual systems, such simulation techniques in
fact produce results in a manner very akin to actual QC
experiments and examination of individual trajectories
can provide additional insight [12]. In all examples pre-
sented here the averages are over 1000 trajectories unless
otherwise stated.
Our rst example is a single qubit geometric phase
gate. In order to generate a purely geometric phase, the
dynamical phases acquired by the dierent amplitudes in
an arbitrary qubit state have to be cancelled [10, 11]. We
use the scenario of Ref.10. The path traversed in param-
eter space is amenable to the investigation of dierent
forms of decoherence and it has also been implemented
experimentally [9]. A spin qubit (j "
z
i  j0i , j #
z
i  j1i)
is subject to a static z-magnetic eld !
0
and (within the
usual rotating wave approximation) a eld of amplitude
!
1

















and to eect an ideal phase gate the spin is subjected to








T C T . Here T is
a tipping of the magnetic eld through angle  (ramping
!
1











with  at zero, C is a 2 rotation of the phase  at
xed !
1
and the bars denote the reversed paths. These
operations have to be carried out adiabatically to avoid
errors in the spin component amplitudes [20]. Fast -
pulses  interchange the " and # amplitudes half way
through and at the end (to cancel the dynamical phase
contributions). The ideal gate to eect a relative phase
of 
B





j i = 2
 1=2
(exp( 2i)j0i + exp(2i)j1i); (3)
where  = (1  cos ) is the solid angle subtended by C
at the origin. Part of the appeal of this form of quantum
gate is its potentially dierent sensitivities to dierent
forms of decoherence; a potential drawback is the need
for adiabaticity, so the gate is slow and decoherence has
longer to bite.
We have studied these eects in detail. Results are
shown in Fig. 1(a) for the eects of noise in the x- or
z-components of the magnetic eld, for two dierent 
B
.
The gate was run adiabatically giving a zero decoherence
delity [21] of f = 0:999984 for 
B
=  and f = 0:999993
for 
B
= =8. For the smaller 
B
, which corresponds
to a tipping of 14:3615 deg (so the instantaneous energy
eigenstates remain closer to " and # in z), the system is
clearly signicantly more sensitive to z-noise compared
to x-noise [22]. On the other hand, for the larger 
B
where the tipping is 41:4096 deg there is less distinction.
The case of isotropic noise is illustrated in Fig. 1(b).















































FIG. 1: The eects of anisotropic noise (generated by L = 
x
or L = 
z
) on the gate Eq.(3) are shown in a) for !
0
  ! =
100. For adiabaticity T takes (dimensionless) time  and
C takes 2. The 's are square pulses taking time =100.
The ratio of these slow and fast operations is comparable
to the frequency ratio in [9]. The loss in delity (1   f) is





noise (i) and x-noise (iv); 
B
= , z-noise (ii) and x-noise





for i = x; y; z) on the gate Eq.(3) for

B
= . (1   f) (i) and entropy S =  Tr( log
2
) (ii) are
shown against   = 
2
.
The small-  rate of delity loss is twice that of the worst
behaviour in Fig. 1(a) (which follows from a simple ana-
lytic estimate) and indeed the whole delity loss ts well
with the analytic form 1  f =
1
2
(1  exp( 4  )) where
 is the gate duration. Provided that the gate is adia-
batic, the eects of isotropic noise are set by the gate
length and level of decoherence, independent of the gate
details. Also shown in Fig. 1(b) is the nal system en-
tropy as a function of  . For small   the entropy (loss
of information) increases signicantly faster than the loss
in delity.
Our second example is the more important case of a
conditional two-qubit geometric gate [10], where entan-
glement is generated, or not, depending upon the level
of decoherence. This requires two spin qubits with bare
transition frequencies of !
a
(target qubit) and !
b
(con-














generates the conditional phase. This
form of interaction is that appropriate for NMR and
certain condensed matter qubits. We have left J xed
for the simulations presented here (as is appropriate for
NMR systems), but in principle this coupling may be
tunable for some condensed matter scenarios. A condi-
























. Here superscripts refer
to the qubit operated upon and U

B
is the same as U
4
































For a phase of  =

8
this state has a concurrence [15]
of unity and so is a maximally entangled two-qubit state.
We have chosen the coupling and frequency parameters
so that the zero decoherence state at the end of the simu-
lated conditional phase gate is maximally entangled with
delity of 0.999946, and then investigated this gate un-
der various forms of decoherence. Examples of the results
are shown in Fig. 2. Clearly the rate of delity loss and









































































i = x; y; z) applied to both qubits for the gate of Eq.(4) are
displayed in a) with  =

8
. Shown are plots of the loss
in delity (i), the entropy S =  Tr( log
4
) (ii) and the
entanglement of formation (EOF) (iii) as a function of   = 
2
.
The gate timings are as in Fig. 1 and additional parameters
used are !
a




= 87:9238 and J = 37:5.
The entropy is base 4 to ensure a maximum value of 1. Also
shown in a) is an enlargement of the region near   = 0. In




(ii) and isotropic (iii) noise on each qubit.
the sympathetic increase in entropy are correspondingly
greater for this system as noise is acting independently
on the two qubits. For this system  was reconstructed





i for i; j = 0; x; y; z (
0
 Identity), akin to what
is needed in any two-qubit experiment for a full recon-
struction of . From this it is possible to compute the
entropy and some measure of entanglement. For illus-
tration we use the entanglement of formation (EOF) [17]
as this gives an upper bound on the level of decoher-
ence for which some entanglement can be said to exist
( 
thres
= 0:00445 for isotropic noise in our example).
The maximally entangling parameters used for Fig. 2
generate relatively large tipping angles, so there is only a
slight sensitivity to the direction of anisotropic noise ap-
plied to both qubits, as shown in Fig. 2(b). Furthermore,
detailed studies not illustrated here show that there is
only a minor dierence between the separate eects of
noise on the control and the target, so from an exper-
imental perspective on such a gate, there is nothing to
be gained by singling out either of these for decoherence
reduction measures (e.g. error correction). Both these
points hold right down into the very small decoherence
regime, where any practical system would have to oper-
ate.
In our simulations so far the gate times have been set
to ensure adiabaticity. Such gates are relatively slow
and therefore exposed to the ravages of decoherence for
longer. Conventional dynamic gates can run much more
quickly and so for comparison we investigate a dynamic
gate based on the same interaction as the entangling adi-
abatic gate. The gate is realised by the unitary evolution










where we again choose J = 37:5
and T is now the interaction time. In the absence of de-



























with a delity of 1 if the gate acts for a total time T
tot
=
2=75. For the adiabatic geometric phase gate T
tot
=
12:0004, so the dynamic gate is approximately 450 times
faster and its speed is limited directly by the strength of
J . The results for this dynamic gate are illustrated in
Fig. 3(a). As isotropic noise acts on the dynamic gate,































































FIG. 3: The eects of equal isotropic noise applied to both
qubits for the dynamic gate are displayed in a) and to the
nonadiabatic geometric gate in b). Shown in the plots are
the loss in delity (i), the entropy S =  Tr( log
4
) (ii)
and the entanglement of formation (iii) as a function of  .
For the dynamic gate the following parameters were chosen:
J = 37:5 and T = =J . For the nonadiabatic fast geometric
gate J = 37:5, Æ! = 18:75, !
B
= 0:01.





= 0:00445 for the adiabatic gate).




 4=75 for both the
adiabatic geometric gate and the dynamic gate. There-
fore, as the adiabatic gate operates for a signicantly
longer time, it is much more severely aected by deco-
herence. This has serious implications for the physical re-
alisation of such a geometric gate. Recently, however, it
has been proposed to use the non-adiabatic, or Aharonov-
Anandan, phase to speed up geometric phase gates [18].
Here the achievable reduction in decoherence is not en-
tirely clear as this technique also introduces new poten-






























() indicates a rotation of  about the x axis. The re-
4sults of isotropic noise acting on both qubits are displayed
in Fig. 3(b). As this fast geometric gate has two periods
of free evolution it acts for twice as long as the dynamic
gate. Hence, it is subject to the eects of decoherence
for longer and entanglement is again lost at a faster rate
(slightly greater than twice the rate,  
thres
 0:945).
Overall, our results suggest that geometric gates proba-
bly only oer a real advantage if they can be implemented
faster than the equivalent dynamical gates. At present,
such proposed gates do not beat the dynamic gate time
(=J for our example), and it is not obvious that this
is possible given both approaches realise entanglement
through interacting qubit evolution. However, whether
non-adiabatic geometric gates can be implemented more
quickly is an open and critically important question cur-
rently under investigation.
A number of comments can be made in conclusion.
(1) Single qubit geometric phase gates can show some
sensitivity to the direction of anisotropic noise, but this
is path-dependent. In our example, if the path is cho-
sen to generate a large ( ) relative phase between the
qubit amplitudes, there is very little sensitivity.
(2) From the general perspective of our simulation ap-
proach, single qubit gate behaviour can be used with ex-
perimental results to calibrate the level of decoherence
present in a system[23]. Although the anisotropic noise-
sensitive gates may be of limited use for actual quantum
information processing (due to the small phase dierence
generated), they may be applied, for example coupled
with the ability to reorientate the external static mag-
netic eld (z-axis), in mapping out the forms of decoher-
ence acting on a qubit, in addition to calibrating them.
This could be extremely useful for new experimental sys-
tems where the dominant environmental coupling is un-
clear in advance.
(3) The single qubit decoherence calibrations can be used
to predict the expected level of entanglement in two-qubit
gates (as illustrated in Fig. 2) prior to experiment.
(4) The adiabatic gates discussed here are slow (relative
to the timescale for dynamic gates) and so exposed to
the ravages of decoherence for longer. To overcome this
it is necessary to perform geometric gates faster than the
equivalent dynamic gate. Whether they can be made
faster than the dynamic gate is a unanswered question
left for future investigation. The practical use of such
geometric gates depends upon the resulting answer.
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